Introduction {#Sec1}
============

Let *f* be a multiplicative function whose prime values are $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ on average, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ denotes a fixed complex number. The prototypical such function is $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _\alpha $$\end{document}$, defined to be the multiplicative function with Dirichlet series $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _\alpha (p)=\alpha $$\end{document}$ for all primes *p* and, more generally, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _\alpha (p^\nu ) =\left( {\begin{array}{c}\alpha +\nu -1\\ \nu \end{array}}\right) =\alpha (\alpha +1)\cdots (\alpha +\nu -1)/\nu !$$\end{document}$.

In order to estimate the partial sums of $\documentclass[12pt]{minimal}
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                \begin{document}$$x\notin \mathbb {Z}$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{n\le x}\tau _\alpha (n) =\frac{1}{2\pi i} \int _{\mathrm{Re}(s)=1+1/\log x} \zeta (s)^\alpha \frac{x^s}{s} \mathrm {d}s . \end{aligned}$$\end{document}$$However, if $\documentclass[12pt]{minimal}
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                \begin{document}$$s=1$$\end{document}$, so the usual method of shifting the contour of integration to the left and using Cauchy's residue theorem is not applicable.

A very similar integral in the special case when $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1/2$$\end{document}$ was encountered by Landau in his work on integers that are representable as the sum of two squares \[[@CR4]\], as well as on his work counting the number of integers all of whose prime factors lie in a given residue class \[[@CR5]\]. Landau discovered a way to circumvent this problem by deforming the contour of integration around the singularity at $\documentclass[12pt]{minimal}
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                \begin{document}$$s=1$$\end{document}$, and then evaluating the resulting integral using Hankel's formula for the Gamma function. His technique was further developed by Selberg \[[@CR7]\] and then by Delange \[[@CR1], [@CR2]\]. In its modern form, it permits us to establish a precise asymptotic expansion for the partial sums of $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _\alpha $$\end{document}$ and for more general multiplicative functions. These ideas collectively form what we call the *Landau--Selberg--Delange method* or, more simply, the *LSD method*.[1](#Fn1){ref-type="fn"}

Tenenbaum's book \[[@CR8]\] contains a detailed description of the LSD method along with a general theorem that evaluates the partial sums of multiplicative functions *f* satisfying a certain set of axioms. Loosely, if *F*(*s*) is the Dirichlet series of *f* with the usual notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{c}_0,\tilde{c}_1,\dots $$\end{document}$ are the Taylor coefficients of the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{n\le x} f(n) = x \sum _{j=0}^{J-1} \tilde{c}_j\frac{ (\log x)^{\alpha -j-1} }{\Gamma (\alpha -j)}+ O_{J,f}\left( x(\log x)^{\mathrm{Re}(\alpha )-J-1}\right) \end{aligned}$$\end{document}$$for each fixed *J*.

Our goal in this paper is to prove an appropriate version of the above asymptotic formula under the weaker condition$$\documentclass[12pt]{minimal}
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                \begin{document}$$A>0$$\end{document}$. In particular, this assumption does not guarantee that $\documentclass[12pt]{minimal}
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                \begin{document}$$F(s)(s-1)^\alpha $$\end{document}$ can be extended to a function that is *J* times continuously differentiable in the half-plane $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c_j = \frac{1}{j!}\cdot \frac{\mathrm {d}^j}{\mathrm {d}s^j}\bigg |_{s=1} (s-1)^\alpha F(s) \quad \text {and}\quad \tilde{c}_j = \frac{1}{j!}\cdot \frac{\mathrm {d}^j}{\mathrm {d}s^j}\bigg |_{s=1} \frac{(s-1)^\alpha F(s)}{s}\qquad \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{c}_j=\sum _{a=0}^j (-1)^a c_{j-a} \quad \text {and}\quad c_j = \tilde{c}_j+\tilde{c}_{j-1} \quad (0\le j\le J) \end{aligned}$$\end{document}$$with the convention that $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{c}_{-1}=0$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta (s)\sim 1/(s-1)$$\end{document}$ and *f* is multiplicative, we also have that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c_0=\tilde{c}_0 = \prod _p \left( 1+\frac{f(p)}{p}+\frac{f(p^2)}{p^2}+\cdots \right) \left( 1-\frac{1}{p}\right) ^{\alpha }. \end{aligned}$$\end{document}$$

Theorem 1 {#FPar1}
---------

Let *f* be a multiplicative function satisfying ([1.2](#Equ2){ref-type=""}) and such that $\documentclass[12pt]{minimal}
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                \begin{document}$$|f|\le \tau _k$$\end{document}$ for some positive real number *k*. If *J* is the largest integer $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{n\le x} f(n)= & {} \int _2^x \sum _{j=0}^J c_j \frac{ (\log y)^{\alpha -j-1} }{\Gamma (\alpha -j)}\mathrm {d}y\nonumber \\&+\, O(x (\log x)^{k-1-A}(\log \log x)^{\mathbf{1}_{A=J+1}}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}= & {} x \sum _{j=0}^J \tilde{c}_j \frac{ (\log x)^{\alpha -j-1} }{\Gamma (\alpha -j)} \nonumber \\&+ \, O(x (\log x)^{k-1-A}(\log \log x)^{\mathbf{1}_{A=J+1}}) \ . \end{aligned}$$\end{document}$$The implied constants depend at most on *k*, *A*, and the implicit constant in ([1.2](#Equ2){ref-type=""}). The dependence on *A* comes from both its size, and its distance from the nearest integer.

We will demonstrate Theorem [1](#FPar1){ref-type="sec"} in three successive steps, each one improving upon the previous one, carried out in Sects. [3](#Sec3){ref-type="sec"}, [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"}, respectively. Section [2](#Sec2){ref-type="sec"} contains some preliminary results.

In Sect. [6](#Sec6){ref-type="sec"}, we will show that there are examples of such *f* with a term of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =k$$\end{document}$ is a positive real number, and *A* is not an integer.
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Theorem [1](#FPar1){ref-type="sec"} is of interest to better appreciate what ingredients go in to proving LSD-type results, which fits well with the recent development of the "pretentious" approach to analytic number theory in which one does not assume the analytic continuation of *F*(*s*). In certain cases, conditions of the form ([1.2](#Equ2){ref-type=""}) are the best we can hope for. This is the case when $\documentclass[12pt]{minimal}
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                \begin{document}$$\{s=\sigma +it \,:\, \sigma >1-1/(|t|+2)^{1/A+o(1)} \}$$\end{document}$. Examples in which this is the best result known can be found, for instance, in the paper of Gelbart and Lapid \[[@CR3]\], and in the appendix by Brumley \[[@CR6]\].

Wirsing, in the series \[[@CR9], [@CR10]\], obtained estimates for the partial sums of *f* under the weaker hypothesis $\documentclass[12pt]{minimal}
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                \begin{document}$$f\ge 0$$\end{document}$, for example). Since Wirsing's hypothesis is weaker than ([1.2](#Equ2){ref-type=""}), his estimate on the partial sums of *f* is weaker than Theorem [1](#FPar1){ref-type="sec"}. The methods of Sects. [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"} bear some similarity with Wirsing's arguments.

Initial preparations {#Sec2}
====================

Let *f* be as in the statement of Theorem [1](#FPar1){ref-type="sec"}. Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$|\alpha |\le k$$\end{document}$. All implied constants here and for the rest of the paper might depend without further notice on *k*, *A*, and the implicit constant in ([1.2](#Equ2){ref-type=""}). The dependence on *A* comes from both its size, and its distance from the nearest integer.
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                \begin{document}$$\prod _p (1-1/p^s)^{-f(p)}$$\end{document}$, so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(p^\nu )=\left( {\begin{array}{c}f(p)+\nu -1\\ \nu \end{array}}\right) $$\end{document}$ for all primes *p* and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \ge 1$$\end{document}$. We also write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=\tau _f*R_f$$\end{document}$ and note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_f$$\end{document}$ is supported on square-full integers and satisfies the bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|R_f| = |f*\tau _{-f}|\le \tau _{2k}$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_2$$\end{document}$ denote the Dirichlet series of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _f$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_f$$\end{document}$, respectively, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_2(s)$$\end{document}$ is analytic for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)>1/2$$\end{document}$. Hence our claim that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(s)(s-1)^\alpha $$\end{document}$ has a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^J$$\end{document}$-continuation to the half-plane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)\ge 1$$\end{document}$ is reduced to the same claim for the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(s)(s-1)^\alpha $$\end{document}$. This readily follows by ([1.2](#Equ2){ref-type=""}) and partial summation, since$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \log [F_1(s)(s-1)^\alpha ] = \sum _{p,\, \nu \ge 1} \frac{f(p)-\alpha }{\nu p^{\nu s}} + \alpha \log [\zeta (s)(s-1)] . \end{aligned}$$\end{document}$$Next, we simplify the functions *f* we will work with. Define the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _f$$\end{document}$ by the convolution formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f\log =f*\Lambda _f. \end{aligned}$$\end{document}$$We claim that we may assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=\tau _f$$\end{document}$. Indeed, for the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _f$$\end{document}$ introduced above, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _{\tau _f}(p^\nu ) = f(p)\log p$$\end{document}$ ; in particular, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\Lambda _{\tau _f}|\le k\Lambda $$\end{document}$. Moreover, if we assume that Theorem [1](#FPar1){ref-type="sec"} is true for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _f$$\end{document}$, then we may easily deduce it for *f*: since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_f$$\end{document}$ is supported on square-full integers and satisfies the bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|R_f|\le \tau _{2k}$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{n\le x}f(n) = \sum _{ab\le x}\tau _f(a) R_f(b) =\sum _{b\le (\log x)^C} R_f(b) \sum _{a\le x/b} \tau _f(a) + O( x(\log x)^{k-1-A} ) \end{aligned}$$\end{document}$$for *C* big enough. Now, if Theorem [1](#FPar1){ref-type="sec"} is true for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _f$$\end{document}$, then it also follows for *f*, since$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{b\le (\log x)^C} \frac{R_f(b)}{b} \cdot \frac{\log ^{\alpha -j-1}(x/b)}{\Gamma (\alpha -j)} =&\sum _{\ell =0}^J \frac{(\log x)^{\alpha -j-\ell -1}}{\ell !\Gamma (\alpha -j-\ell )} \sum _{b\le (\log x)^C} \frac{R_f(b)(-\log b)^\ell }{b} \\&+\, O((\log x)^{k-1-A}) \\ =&\sum _{\ell =0}^J \frac{(\log x)^{\alpha -j-\ell -1}}{\Gamma (\alpha -j-\ell )} \cdot \frac{F_2^{(\ell )}(1)}{\ell !}\\&+\, O((\log x)^{k-1-A}) \end{aligned}$$\end{document}$$if *C* is large enough. From now on, we therefore assume, without loss of generality, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=\tau _f$$\end{document}$ so that the values of *f* at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(p^k)$$\end{document}$ is determined by its value at *f*(*p*), and in particular $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\Lambda _f|\le k\Lambda $$\end{document}$.

Consider, now, the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(s):=F(s)(s-1)^\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{Q}(s) = Q(s)/s$$\end{document}$. As we saw above, they both have a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^J$$\end{document}$-continuation to the half-plane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)\ge 1$$\end{document}$. In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_j$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}_j$$\end{document}$ are given by ([1.3](#Equ3){ref-type=""}), then for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q(s) = \sum _{j=0}^{\ell -1} c_j (s-1)^j + \frac{(s-1)^\ell }{(\ell -1)!} \int _0^1 Q^{(\ell )}(1+(s-1)u)(1-u)^{\ell -1}\mathrm {d}u . \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{Q}(s) = \sum _{j=0}^{\ell -1} \tilde{c}_j (s-1)^j + \frac{(s-1)^\ell }{(\ell -1)!} \int _0^1 \tilde{Q}^{(\ell )}(1+(s-1)u)(1-u)^{\ell -1}\mathrm {d}u . \end{aligned}$$\end{document}$$To this end, we introduce the notations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_\ell (s) = \sum _{j=0}^{\ell -1} c_j (s-1)^{j-\alpha } \quad \text {and}\quad \tilde{G}_\ell (s) = \sum _{j=0}^{\ell -1} \tilde{c}_j (s-1)^{j-\alpha } , \end{aligned}$$\end{document}$$as well as the "error terms"$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_\ell (s) = F(s)-G_\ell (s) = \frac{(s-1)^{\ell -\alpha }}{(\ell -1)!} \int _0^1 Q^{(\ell )}(1+(s-1)u)(1-u)^{\ell -1}\mathrm {d}u ,\nonumber \\ \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{E}_\ell (s) = \frac{F(s)}{s} - \tilde{G}_\ell (s) = \frac{(s-1)^{\ell -\alpha }}{(\ell -1)!} \int _0^1 \tilde{Q}^{(\ell )}(1+(s-1)u)(1-u)^{\ell -1}\mathrm {d}u .\nonumber \\ \end{aligned}$$\end{document}$$We have the following lemma:

Lemma 2 {#FPar2}
-------

Let *f* be a multiplicative function such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=\tau _f$$\end{document}$ and for which ([1.2](#Equ2){ref-type=""}) holds. Let also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=\sigma +it$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma >1$$\end{document}$.Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 0$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_\ell ^{(m)}(s) ,\, \tilde{E}_\ell ^{(m)}(s) \ll |s-1|^{\ell -\mathrm{Re}(\alpha )} (\sigma -1)^{-m} . \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|t|\le (\sigma -1)^{1-\frac{A}{J+1}}/(-\log (\sigma -1))$$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_{J+1}^{(m)}(s) ,\, \tilde{E}_{J+1}^{(m)}(s) \ll |s-1|^{J+1-\mathrm{Re}(\alpha )} (\sigma -1)^{-(m+J+1-A)} (-\log (\sigma -1))^{\mathbf{1}_{A=J+1}}. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J/2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 0$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_\ell ^{(m+\ell )}(s) ,\, \tilde{E}_\ell ^{(m+\ell )}(s) \ll |s-1|^{-\mathrm{Re}(\alpha )} (\sigma -1)^{-m} \le 4^k (\sigma -1)^{-m-k} . \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|t|\ge 1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 0$$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F^{(m+\ell )}(s) \ll |t|^{\ell /A} (\sigma -1)^{-m-k} . \end{aligned}$$\end{document}$$All implied constants depend at most on *k*, *A* and the implicit constant in ([1.2](#Equ2){ref-type=""}). The dependence on *A* comes from both its size, and its distance from the nearest integer.

Proof {#FPar3}
-----

Note that the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell (z)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{E}_\ell (z)$$\end{document}$ are holomorphic in the half-plane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(z)>1$$\end{document}$. In particular, they satisfy Cauchy's residue theorem in this region.

\(a\) From ([2.1](#Equ6){ref-type=""}) and ([1.2](#Equ2){ref-type=""}), we readily see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^{(\ell )}(s) \ll 1$$\end{document}$ uniformly when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)\ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Using the remainder formula ([2.2](#Equ7){ref-type=""}), we thus find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell (s)\ll |s-1|^{\ell -\mathrm{Re}(\alpha )}$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)\ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Thus Cauchy's residue theorem implies that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_\ell ^{(m)}(s) = \frac{m!}{2\pi i}\int _{|w|=(\sigma -1)/2} \frac{E_\ell (s+w)}{w^{m+1}}\mathrm {d}w&\ll |s-1|^{\ell -\mathrm{Re}(\alpha )} (\sigma -1)^{-m}\qquad \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|/2\le |s-1+w|\le 3|s-1|/2$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|w|=(\sigma -1)/2\le |s-1|/2$$\end{document}$. The bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{E}^{(m)}_\ell (s)$$\end{document}$ is obtained in a similar way.

\(b\) As in part (a), we focus on the claimed bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{J+1}^{(m)}(s)$$\end{document}$, with the corresponding bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{E}^{(m)}_{J+1}(s)$$\end{document}$ following similarly. Moreover, by the first relation in ([2.4](#Equ9){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell =J+1$$\end{document}$, it is clear that is suffices to show the required bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{J+1}^{(m)}(s)$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=0$$\end{document}$.

Estimating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{J+1}(s)$$\end{document}$ is trickier than estimating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell (s)$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \le J$$\end{document}$, because we can longer use Taylor's expansion for *Q*, as we only know that *Q* is *J* times differentiable. Instead, we will show that there are coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_0',c_1',\dots ,c_J'$$\end{document}$ independent of *s* such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \log Q(s)= & {} \sum _{j=0}^J c_j' (s-1)^j \nonumber \\&+\, O(|s-1|^{J+1}(\sigma -1)^{A-J-1}(-\log (\sigma -1))^{\mathbf{1}_{J=A-1}}) \end{aligned}$$\end{document}$$when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Notice that for *s* as in the hypotheses of part (b), the error term is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ll 1$$\end{document}$, so that the claimed estimate for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{J+1}(s)$$\end{document}$ readily follows when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=0$$\end{document}$ by exponentiating ([2.5](#Equ10){ref-type=""}) and multiplying the resulting asymptotic formula by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(s-1)^{-\alpha }$$\end{document}$.

By our assumption that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\Lambda _f|\le k\Lambda $$\end{document}$, we may write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(s) = Q_1(s)Q_2(s)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log Q_1(s)=\sum _{p>3} (f(p)-\alpha )/p^s$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_2(s)$$\end{document}$ is analytic and non-vanishing for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Re}(s)>1/2$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$. Thus, it suffices to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log Q_1(s)$$\end{document}$ has an expansion of the form ([2.5](#Equ10){ref-type=""}). Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(x)=\sum _{3<p\le x} (f(p)-\alpha ) \ll x/(\log x)^{A+1}$$\end{document}$ and note that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \log Q_1(s) = s \int _e^\infty \frac{R(x)}{x^{s+1}} \mathrm {d}x = s \int _1^\infty \frac{R(e^w)}{e^w} \cdot \frac{\mathrm {d}w}{e^{w(s-1)}} . \end{aligned}$$\end{document}$$Using Taylor's theorem, we find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} e^{-w(s-1)} = \sum _{j=0}^J \frac{(w(1-s))^j}{j!} + \frac{(w(1-s))^{J+1}}{J!} \int _0^1 e^{-uw(s-1)} (1-u)^J \mathrm {d}u , \end{aligned}$$\end{document}$$so that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \log Q_1(s)&= \sum _{j=0}^J \frac{s(1-s)^j}{j!} \int _1^\infty \frac{R(e^w)w^j}{e^w} \mathrm {d}w \\&\quad + \frac{s(1-s)^{J+1}}{J!} \int _0^1 (1-u)^J \int _1^\infty \frac{R(e^w)w^{J+1}}{e^{w+uw(s-1)}}\mathrm {d}w\,\mathrm {d}u . \end{aligned}$$\end{document}$$The last term is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\ll |s-1|^{J+1} \int _0^1 \int _1^\infty \frac{w^{J-A}}{e^{uw(\sigma -1)}} \mathrm {d}w\, \mathrm {d}u \\&\ll |s-1|^{J+1} \int _0^1 (u(\sigma -1))^{A-J-1} \left( \log \frac{1}{u(\sigma -1)}\right) ^{\mathbf{1}_{A=J+1}} \mathrm {d}u \\&\ll |s-1|^{J+1} (\sigma -1)^{A-J-1} \left( \log \frac{1}{\sigma -1}\right) ^{\mathbf{1}_{A=J+1}} \end{aligned}$$\end{document}$$as needed, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<A-J\le 1$$\end{document}$. This completes the proof of part (b) by taking$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_j' = \frac{(-1)^j}{j!} \int _1^\infty \frac{R(e^w)w^j}{e^w} \mathrm {d}w +\frac{\mathbf{1}_{j\ge 1}(-1)^{j-1}}{(j-1)!} \int _1^\infty \frac{R(e^w)w^{j-1}}{e^w} \mathrm {d}w . \end{aligned}$$\end{document}$$(c) Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\ell \le J$$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^{(\ell +j)}(w)\ll 1$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\le \ell $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\in \{z\in \mathbb {C}:\mathrm{Re}(z)\ge 1,\,|z-1|\le 2\}$$\end{document}$. Differentiating the formula in ([2.2](#Equ7){ref-type=""}) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ times, we thus conclude that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_\ell ^{(\ell )}(s)\ll & {} \sum _{j=0}^\ell |s-1|^{-\mathrm{Re}(\alpha )+\ell -j}\int _0^1 |Q^{(\ell +j)}(1+(s-1)u)| u^j(1-u)^{\ell -1}\mathrm {d}u \\\ll & {} |s-1|^{-\mathrm{Re}(\alpha )} . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |\le k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|\le 2$$\end{document}$, we find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s-1|^{k-\mathrm{Re}(a)}\le 2^{2k}$$\end{document}$, whence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |s-1|^{-\mathrm{Re}(\alpha )} \le 4^k |s-1|^{-k} \le 4^k(\sigma -1)^{-k}. \end{aligned}$$\end{document}$$The bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell ^{(\ell +m)}(s)$$\end{document}$ then by the argument in ([2.4](#Equ9){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell (s+w)$$\end{document}$ replaced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell ^{(\ell )}(s+w)$$\end{document}$. We argue similarly for the bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{E}^{(\ell +m)}_\ell (s)$$\end{document}$.

\(d\) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|t|\ge 1$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\le J$$\end{document}$, and fix for the moment some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\ge 1$$\end{document}$. Summation by parts implies and ([1.2](#Equ2){ref-type=""}) imply that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( \frac{F'}{F}\right) ^{(j-1)}(s)&= \sum _p \frac{f(p)(-\log p)^j}{p^s}\\&= O((\log N)^j) +(-1)^j \int _N^\infty \frac{(\log y)^{j-1}}{y^s} \mathrm {d}(\alpha y +O(y/(\log y)^A)) \\&= O((1+|t|/(\log N)^A)(\log N)^j) + (-1)^j \alpha \int _N^\infty \frac{(\log y)^{j-1}}{y^s} \mathrm {d}y . \end{aligned}$$\end{document}$$Moreover, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _N^\infty \frac{(\log y)^{j-1}}{y^s} \mathrm {d}y= & {} \int _1^\infty \frac{(\log y)^{j-1}}{y^s} \mathrm {d}y +O((\log N)^j) \\= & {} \frac{(j-1)!}{(s-1)^j} +O((\log N)^j)\\\ll & {} (\log N)^j \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|t|\ge 1$$\end{document}$. Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log N=|t|^{1/A}$$\end{document}$ yields the estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( \frac{F'}{F}\right) ^{(j-1)}(s) \ll |t|^{j/A} . \end{aligned}$$\end{document}$$Now, note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{(\ell )}/F$$\end{document}$ is a linear combination of terms of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(F'/F)^{(j_1)}\cdots (F'/F)^{(j_\ell )}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j_1+\cdots +j_\ell =\ell $$\end{document}$. This can be proven by induction on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ and by noticing that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{F^{(\ell +1)}}{F} = \left( \frac{F^{(\ell )}}{F}\right) ' + \frac{F'}{F} \cdot \frac{F^{(\ell )}}{F} . \end{aligned}$$\end{document}$$We thus conclude that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{F^{(\ell )}}{F}(s) \ll |t|^{\ell /A}. \end{aligned}$$\end{document}$$Additionally, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|f|\le \tau _k$$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|F(s)|\le \zeta (\sigma )^k \ll 1/(\sigma -1)^k$$\end{document}$, whence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{(\ell )}(s) \ll |t|^{\ell /A}(\sigma -1)^{-k}$$\end{document}$. The claimed estimate on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{(\ell +m)}(s)$$\end{document}$ then follows by the argument in ([2.4](#Equ9){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\ell (s+w)$$\end{document}$ replaced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{(\ell )}(s)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Finally, in order to calculate the main term in Theorem [1](#FPar1){ref-type="sec"}, we need Hankel's formula for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/\Gamma (z)$$\end{document}$:

Lemma 3 {#FPar4}
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-----
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Using Perron's formula {#Sec3}
======================

In this section, we prove a weak version of Theorem [1](#FPar1){ref-type="sec"} using Perron's formula:
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---------
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Theorem 5 {#FPar8}
---------
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-----
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Lemma 6 {#FPar10}
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Proof {#FPar11}
-----
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We are finally ready to prove our main result:

Proof of Theorem 1 {#FPar14}
------------------
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The error term in Theorem [1](#FPar1){ref-type="sec"} is necessary {#Sec6}
==================================================================

To obtain the specific shape of the error term in Theorem 1.2, we had to use increasingly complicated arguments. A natural question is whether one can produce a sharper error term. We will show that the error term in Theorem 1.2 is optimal, when $\documentclass[12pt]{minimal}
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Corollary 8 {#FPar15}
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--------
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Finally, we need the following lemma in order to calculate the main terms in Theorem [9](#FPar16){ref-type="sec"}.
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We are now ready to estimate the partial sums of *f*:

Proof of Theorem 9 {#FPar22}
------------------
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Relaxing the conditions on \|*f*\| {#Sec7}
==================================
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A careful examination of the arguments of Sect. [5](#Sec5){ref-type="sec"} reveals that relations ([7.4](#Equ42){ref-type=""}) and ([7.5](#Equ43){ref-type=""}) are the only properties of *f* that we used when showing Theorem [1](#FPar1){ref-type="sec"} (after its reduction to the case $\documentclass[12pt]{minimal}
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                \begin{document}$$f=\tau _f$$\end{document}$). Therefore, Theorem [1](#FPar1){ref-type="sec"} can be extended to all multiplicative functions *f* satisfying ([1.2](#Equ2){ref-type=""}), ([7.1](#Equ39){ref-type=""}) and ([7.2](#Equ40){ref-type=""}).

The method is often called the Selberg--Delange method, or even Selberg's method, but a key idea appears in Landau's work long before Selberg's and Delange's papers. We would like to thank Steve Lester for bringing this to our attention. Moreover, we would like to thank Kevin Ford for pointing out paper \[[@CR5]\].
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